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The problem of the hydrodynamic interaction of two unequal-sized spheres in a
slightly rarefied gas is treated following the singular perturbation scheme of Sone &
Onishi (1978), valid at small, but finite, particle Knudsen numbers. In this method
the solution to the linearized BGKW transport equation governing the gas molecular
motion consists of two parts: one describing a Knudsen layer where the actual
microscopic boundary conditions are applied and the other describing a Hilbert
region where the Stokes equations of continuum hydrodynamics hold. The Knudsen-
layer solution establishes the ‘slip’ boundary conditions for the Stokes equations.
Here we clearly distinguish between particle ‘slip’ due to the type of boundary
conditions and particle ‘slip’ due to lengthscale effects as measured by the Knudsen
number. The present analysis has been carried out to first order in particle Knudsen
number for the case of diffuse reflective molecular boundary conditions. General
relationships between the first- and zero-order velocity fields, both of which are
written in the form of Lamb’s (1932) solution to the Stokes equation, are established.
It is illustrated how these general relationships can be used to determine the force
and torque acting on a single sphere translating and rotating in a slightly rarefied
gas. Finally, we have treated the two-sphere problem in a slightly rarefied gas using
the twin multipole expansion method of Jeffrey & Onishi (1984). Here again, general
relationships are established between the solutions of the first-order fluid velocity
field and the zero-order velocity field, the latter being shown to recover Jeffrey &
Onishi’s results for stick boundary conditions. These general relationships are
subsequently used to determine the complete resistance and mobility matrices of the
two-sphere system. The symmetric properties of the resistance and mobility matrices
are demonstrated for slip boundary conditions, in agreement with the general proof
of Landau & Lifshitz (1980) and Bedeaux, Albano & Mazur (1977).

1. Introduction

The problem of hydrodynamic interaction of two or more bodies in a gas is
complicated compared with the interactions in a continuum fluid owing to the
phenomenon of fluid ‘slip’ at solid boundaries. Because of this complication, few
studies exist concerning the resistance and mobility functions for hydrodynamically
interacting particles in a gas environment, even under low-Reynolds-number
conditions for the gas. This is despite the fact that numerous practical problems exist
involving interacting small particles in a gas, such as the transport behaviour of
interacting aerosols, aerosol coagulation, and aerosol deposition onto surfaces
(Marlow 1980).
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Several theoretical studies exist that consider the hydrodynamic interactions of
two spheres, and a sphere with a plane wall, under ‘classic’ mixed slip—stick
boundary conditions (Davis 1972; Hocking 1973; Goren 1973; Felderhof 1977).
Although there has been some suggestion that these analyses can provide slip
corrections for hydrodynamic interactions in a gas environment (Dahneke 1974;
Barnocky & Davis 1988) rigorous kinetic theory treatments demonstrate that the
actual analysis and boundary conditions are more complex, even at small, but finite,
particle Knudsen numbers (ratio of the gas mean free path to a characteristic particle
length) where slip corrections are small (Cercignani 1975). We should also mention
the kinetic theory study of Cukier, Kapral & Mehaffey (1981) on the hydrodynamic
interaction of two spheres at larg. interparticle separations and the limit of
vanishing Knudsen numbers. Those authors were able to recover classic full-slip
results for specular reflective molecular boundary conditions. In the limit of zero
Knudsen numbers, Sone & Akoi (1977) have also obtained classic full-slip results for
a single sphere under specular reflective molecular boundary conditions and classic
no-slip results for diffuse reflective molecular boundary conditions, following their
kinetic theory method. Clearly these studies show that one must distinguish
between particle ‘slip’ due to the type of boundary condition and particle ‘slip’ due
to lengthscale effects as measured by the Knudsen number. The latter problem is the
subject of the present work. The general problem is to solve the Boltzmann transport
equation for the gas molecules subject to the actual microscopic boundary conditions,
for example diffuse or specular boundary conditions, on solid surfaces (Cercignani
1975).

Recently, Onishi (1984) has used a previously developed singular perturbation
method (Sone & Onishi 1978) to solve the boundary-valued Boltzmann transport
equation for the axisymmetric problem of the so-called thermal-creep phenomenon
of two interacting spheres in a slightly rarefied gas. In the present study, we follow
a similar procedure to determine the hydrodynamic resistance functions of two
unequal-sized spheres in a slightly rarefied gas.

The starting point in the analysis is the linearized BGKW (Bhatnager, Gross &
Krook 1954; Welander 1954) form of the Boltzmann equation. A perturbation
expansion of the linearized Boltzmann equation is considered in terms of the particle
Knudsen number, Kn. In general, the problem is of the singular perturbation type
involving a boundary or Knudsen layer on the particle surfaces and a continuum or
Hilbert region outside the Knudsen layer. The Hilbert region has been shown to be
governed by the usual Stokes equations of low-Reynolds-number hydrodynamics
(Grad 1963). The essence of the procedure of Sone & Onishi is to first solve the inner
or boundary-layer problem with the microscopic boundary conditions on particle
surfaces. Asymptotic matching of the boundary-layer solution with the Hilbert
region establishes the innermost boundary conditions necessary to uniquely solve the
Stokes equations.

The determination of the hydrodynamic resistance and mobility functions for two
interacting spheres thus still requires solution of the Stokes equations of continuum
hydrodynamics once the proper boundary conditions have been established through
the Knudsen-layer analysis. Here we follow the comprehensive analysis of Jeffrey &
Onishi (1984), based on a generalization of the method of reflections technique
(Happel & Brenner 1986) known as a twin multipole expansion method, in order to
solve the Stokes equations subject to slip boundary conditions on the surfaces of two
spheres. It is shown, however, that the application of Jeffrey & Onishi’s method to
the Knudsen-number expansion that describes particle slip requires some newly
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developed procedures. In fact, for the mobility functions it is shown that an
innovative approach is necessary. In this study, we give expressions for the complete
resistance and mobility matrix for the hydrodynamic interaction of two unequal-
sized spheres at small, but finite, particle Knudsen numbers under diffuse reflective
molecular boundary conditions that are shown to collapse to Jeffrey & Onishi’s
solution when the particle Knudsen number is zero.

The solutions given here are applicable up to the point of overlapping of the
Knudsen layers surrounding each sphere, where the dimensionless thickness of the
Knudsen layers is O(Kn). The solution breaks down near the point of touching of
the two spheres where a near-field analysis, analogous to lubrication theory solutions
in liquids, would be required. For example, problems involving the coagulation and
deposition of aerosols may require both the near-field and far-field solutions.

2. Hilbert region solution. General solutions of Stokes equations subject to
slip boundary conditions

Following Sone and Onishi (Sone 1969; Sone & Onishi 1978; and the references
therein) we consider an asymptotic solution to the linearized Bhatnager—Gross—
Krook-Walender (BGKW) form of the Boltzmann transport equation at small
but finite Knudsen numbers, Kn = A/L, where A is the mean free path of the gas
molecules and L is some characteristic ‘macroscopic’ lengthscale. Diffuse reflection
is assumed to describe the interaction of the gas with a bounding solid wall; i.e. (i)
reflected molecules have a Maxwellian distribution characterized by the velocity and
temperature of the wall, and (ii) the net mass flow of gas across the boundary is zero
(no evaporation or condensation on the solid boundary). Here we only summarize the
results necessary in the analysis of the isothermal two-sphere problem, relegating
further details to the above-cited references.

Let f stand for any one of the fluid dynamic quantities such as velocity, pressure
and temperature. It can be expressed by a sum of two parts, the Hilbert part fy,
which does not change appreciably over the mean free path of the gas, and the
Knudsen-layer part fy, which varies appreciably near the surface over a distance of
the gas mean free path in the direction normal to the boundary, i.e. f = f; +fx. The
Hilbert quantities can be obtained in an expansion in terms of the Knudsen number

of the system as 0 1 202
Ju=fut+tKfu+K¥4+..., (D)

where K = itiKn. From a moment analysis of the BGKW linearized Boltzmann
equation for the fluid molecules, it can be shown that the Hilbert parts of the fluid
dynamic quantities satisfy Stokes equations to any order in the small-Knudsen-
number expansion (Sone & Onishi 1978; also see Grad 1963). Explicitly these
equations are

Vph =0, (2)

Veu =0, 3

" | (i=0,1,2,..), ©)
Vit — Vil = 0, )

where py(1+p) and (2kT,/m)u are the pressure and the mean molecular velocity,
respectively; p, and T are the reference pressure and temperature, respectively;
L'V is the vector differential operator in physical space; k is Boltzmann’s constant
and m is the mass of a single molecule. .

Sone & Onishi (1978) also show that solution of the BGKW linearized Boltzmann



356 R. Ying and M. H. Peters

equation in the Knudsen layer near the surface, where diffuse molecular reflection is
assumed to hold, leads to the boundary conditions appropriate for (2)-(4) on the
interface between the gas and the solid wall as

u‘I)-I = Uy, (9)
uy-n=0, (6)
and Uy -t =—kon-[Vuy+(Vul)] - ¢, (7)

where k, = —1.016 191, uy, is the velocity of the solid boundary, n and ¢ are the unit
normal vector (towards the gas) and the unit tangential vector to the interface,
respectively. Note that the zero-order boundary condition, (5), is the usual no-slip
condition, whereas the first-order boundary conditions, given by (6) and (7), are the
slip boundary conditions. Further note from (7) that the slip boundary conditions
require the solution of the zero-order Hilbert solution at the gas—solid interface.

Since the Hilbert solutions satisfy the Stokes equations to any order of the particle
Knudsen-number expansion, both the zero-order and first-order Hilbert solutions of
the velocity field, u% and u};, can be cast in the general form given by Lamb (1932).
Outside a sphere with radius a, in spherical coordinates (r, 0, ¢), they can be written
as

P G W T IO PR

m=0n=m

n—2 a\"*! n+1 a2\t
_—-———Zn(2n_—1)ar2V|:pinn <;) Yonn(0, ¢)+ml’pfun (;) Ymn(0’¢)]}a (8)

where Y, (0, ¢) are surface spherical harmonics. Here and hereafter the superscript
6 = 0 or 1 represents the order in the particle Knudsen-number expansion.

When the boundary conditions are given in the form of a prescribed velocity field
on the surface of the sphere, Happel & Brenner (1986) proposed a convenient way to
determine the coefficients ¢2,,, ¢, and p’,,. First, from the given boundary
conditions uy,., = U’(#,¢), three scalar quantities X%, ¥, and Z°, are
constructed as

Wil =Ul= 2 % X3,.%,..00,9), (9)
m=0 n=m
Qul,, _ 5 1 0 . 5 1 aU; 28 s
r or —a - ™ sin 06—0 (SIH eUﬂ) ﬁsin ] a¢ - m2=0 n§m ylmn Ymn(0> ¢)> (10)
1 0 1 aU‘a ®
. 3 —7r. S — et A 6 — 5
reVxuyl,_,=r - VxU SnG50 (sin OU%) 0B op m2=0 ,Em Lo Yun(0,9), (11)

where the subscripts 7, 8, ¢ represent the components of a velocity in the directions
of the coordinates r, 6, ¢, respectively. Then, the three coefficients p?,,, vJ,, and ¢, ,
in (8) are related to these three scalar quantities by

2n—1
Poun = ‘m[(n‘FZ)ann + ¥5.], (12)
1
& 1 (]
Qmn = - (14)

n(n+1) ™"
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The zero-order Hilbert solution u}; can be readily obtained by applying the ‘stick’
boundary conditions given by (5). As shown below, with a known zero-order Hilbert
solution u}; given in the form of (8), the boundary conditions satisfied by the first-
order Hilbert solution uj; can be determined from (6) and (7), which leads to direct
relations between the coefficients p%,,., v3... ¢%, and pL,,., v}, 4%,

First, (6) gives the value of u};, on a sphere with radius a as

Unislyma = 0. (15)

Equations (7) and (8) give the values of uj, and uy; on the sphere in terms of u},,,
u%y, and ugy, as

1 E‘)u° auo uo
1 - _ Quy  Ouy  uy
u¢|r-a oa[———‘—rsineagb"' o r] .
=—x § § —(n+2) 0 1 iy @ ¢)_2(n+2)’00 EY (© ¢)
B 0m-On-m q"msin06¢ mni=? mn 3g mn\Y>
nf—1 2
+n(2n—1)pm"agymn(0a¢)], (16)
and
1 0w’ Qul
1 = _ ou, _Q__Q
Ualr-a Oa[rsinﬁ 0¢ + or r] ra
=—x § § (n+2)q5 Oy 6, $)—2(n+2) " 1 9y 0. 4)
0m=0n=m ”"'80 mnie mnsin06¢ mn\Y>
n*—1 , 1 0
il _ .
+"(2n—l)pm"sin08¢ym"(0’¢)] (17)

Note that the particle radius @, that appears in the dimensional velocity fields of
(16) and (17), is the result of selecting the characteristic lengthscale L = a in the
dimensionless boundary condition (7). Then from (9)—(11) the three scalar quantities
Xn, Y1, and ZY o are found to be

mn’
XL, =0, (18)
2_1
Pl =K [2n(n+ 1)(n+2)vgm—("—+1)—(—"—~—~) 2,,,,}, (19)
2n—1
Z, =kon(n+1)(n+2)q>,. (20)

Substituting (18)—(20) into (12)—(14) further leads to the relations between p? ..

Phn = Kal20(20—1) (1+2) 18— (2= 1) P, ] @)
1

thn = ol 2) 0 gt ] 22)

Gmn = Ko(n+2) G- (23)

Once the boundary-valued problem for flow external to a sphere has been solved,
the frictional force F and the torque T (about the sphere centre) experienced by the
sphere can be calculated. As shown by Sone & Tanaka (1980), the Knudsen solution
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does not contribute to the total force acting on the sphere. Following their line of
proof, it can be shown that the Knudsen solution does not contribute to the total
torque acting on the sphere either. Therefore, the Hilbert solution alone is sufficient
for the purpose of calculating F and Tj. According to the formulae given by Happel
& Brenner (1986), taking into account the contributions from both zero-order and
first-order Hilbert solutions, we have

F = Fy+KFy = —4nupy,, aV[rY,,, (0, ¢)] —A4AnKpup;,, aV[rY, (0, $)], (24)
and
T=TY{+KTy =—8nuq;, a®V[rY,, (0, 9)] —8nKuq,, a*V[rY,,(6,¢)].  (25)

We now apply the general theory described above to two special cases in which a
solid sphere is moving translationally or rotationally in an unbounded fluid otherwise
at rest. Then, we apply the above results to the two-sphere problem.

3. Translation and rotation of a single sphere in a slightly rarefied gas

Case 1. A sphere with radius a is moving in the positive z-direction with a uniform
velocity U.

From the boundary conditions for the zero-order Hilbert solution given by (5), we
have

X, =Ub,0,1 (26)
¥, =0, (27)
Z,=0. (28)
Substituting (26)—(28) into (12)-(14) yields
Poan = 08,08, (29)
0% = 108,001 (30)
Ima = 0. (31)

Therefore, from (8), the zero-order Hilbert solution of the velocity field is

cosf
r2

ul, = %ai‘UV( )+;~;-aUv cos6+g% U cos r. (32)
r
Note that the zero-order solution is the well-known Stokes velocity field for no-slip
boundary conditions.
To obtain the Knudsen-layer correction we substitute (29)-(31) into (21)-(23) to
give

Prn = 350 Ubpg 01, (33)
v}nn = %KO Uamo 81;1) (34)
Tmn = 0. (35)

Substitution of (33)—(35) into (8) gives the first-order slip correction for the Stokes

velocity field as
ul = K, [%a“UV (cos 17}

7'2

)+%aUVcos0+g%Ucos0r]. (36)

Case 2. The sphere is rotating in a counterclockwise direction about the z-axis with
a fixed angular velocity £2. Thus, with the boundary condition 4% = 2 x r, on the
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surface of the sphere, where r, is the position vector of a point on the sphere surface
relative to the centre of the sphere of radius a, we have

Donn = 0, (37)
Vo = 0, (38)
Qonn = a820,,4 0y, (39)

which gives the zero-order Hilbert solution of the velocity field as
uY = a*QV x [TLZ cos 0]. (40)

Proceeding as in Case 1, from (21)-(23) we obtain

D =0, (41)
Vi =0, (42)
q}nn = 3k, a2, On1s (43)

which leads to the first-order Hilbert solution of the velocity field as
u, = 3k,a%QV x [;’-2 cos e]. (44)

From the force and torque equations (24) and (25) and the results in (29), (33), (39)
and (43) we can also compute the force acting on the sphere from the first case and
the torque from the second case as

F = —6ruall+Kk,] U, (45)
and T, = —8mua®[1 4+ 3K«,] 2. (46)

Both these expressions collapse to continuum hydrodynamic results for K = 0 (cf.
Happel & Brenner 1986). Since k, < 0, both the force and torque acting on the sphere
are reduced owing to small but finite K. Equation (45) for the force acting on the
particle has been previously given by Sone & Aoki (1977) and has been shown to give
good agreement with experimental values at small Knudsen numbers and where the
diffuse microscopic boundary condition is expected to hold (Brock 1980). The result
for the torque acting on the particle given by (46) is believed to be new.

4. Hydrodynamic interaction of two unequal-sized spheres

In the following, the hydrodynamic interaction between two unequal rigid spheres
which translate or rotate in an arbitrary manner in an unbounded fluid will be
studied. The hydrodynamic interaction here refers to the mutual influence of the two
bodies via the fluid. In other words, the relations between the force and torque that
the fluid exerts on each sphere and the velocity and angular velocity of each sphere
will be studied. The distinction between our study and the previous works on the
same subject lies in that the dynamics in the Knudsen-layer region is investigated
and its correction to the continuum hydrodynamic solutions is taken into account.

A precise definition of the interactions to be studied is as follows. Two rigid
spheres, labelled sphere 1 and sphere 2, are immersed in an unbounded fluid
characterized by a uniform velocity field U(r) = U,+ €2, x r in the absence of the two
spheres, i.e. a superposition of a uniform field and rigid body rotation. Sphere o
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(¢ =1 or 2) has radius a, and its centre is at r,; it has an angular velocity £, and
its centre has translational velocity U,. The force the fluid exerts on sphere « is F,
and the torque on sphere a relative to its centre is T,.

4.1. The resistance matrix

If the specified quantities are the translational and angular velocities of two spheres
and the velocity of the ambient flow, one can evaluate the forces and torques exerted
by the fluid on the spheres. On account of the linearity of the Stokes equations, the
above pairs are linearly related according to

E An A12 Bin' fflz Ul'_ Uo
Fz A21 A22 le Bzz Uz_ Uo
= (47)
T1 # Bu B12 011 012 91_90
T2 le B22 021 022 {22—90

The square matrix is the resistance matrix, whose elements depend on the
geometry of the system only and obey a number of symmetry conditions.

Based on Onsager’s reciprocal relations via the thermodynamics of irreversible
processes, Landau & Lifshitz (1980) have proven the symmetry of the resistance
matrix. Since the usual equations of fluid dynamics are never invoked in their proof,
the conclusion should hold for more general boundary conditions than no-slip
boundary conditions. Also Bedeaux, Albano & Mazur (1977) provide a general proof
of the symmetry of the resistance matrix with arbitrary slip boundary conditions
based on hydrodynamics.

In addition to its being symmetrical, further symmetric properties are brought to
the resistance matrix because of the fact that the system of two spheres is
geometrically a body with rotational symmetry about the line of centres. Brenner
(1963, 1964) shows that for such a system, each tensor in the resistance matrix can
be reduced to an expression containing at most two scalar functions. Choosing the
vector I = r,—r, along the positive z-direction in Cartesian coordinates and denoting
the unit vectors along positive 2-, y- and z-directions by 7, j and k, respectively, the
structure of these tensors determmed by Brenner can be illustrated by dyadics as

A,y = X4 Kk + Y25+ 7), (48)
B, = YT —ji), (49)
C.p = XS Kk + YS,(fi+ ). (50)

Finally, by observation of the two-sphere geometry, the sphere labels 1 and 2 on
the tensors’ elements are interchangeable. Explicitly, if the sphere label changes from
a to 3—a any element in these tensors E_;, which is a function of a,, a, and I only,
obeys

Eaﬂ(a17a2! h= E(a-«)(a—ﬂ)(az,ap —1). (51)

In summary, after applying all the above-mentioned symmetry conditions, the
task of a complete determination of the resistance matrix reduces to an evaluation
of ten scalar functions, which can be conveniently chosen as: X&, X3, Y4, Y4, ¥5,

Y3, X%, X5, Y5, and Y5,

The method of reflections is used to determine the resistance and mobility matrices
of the two-sphere problem. This method has the advantage of providing results with
transparency and in a convenient form for further use in applications. The results
gained from this method are reported to be numerically accurate for all but the
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Z

X2

X

Fiaure 1. Coordinate system for two spheres.

nearest distances, and therefore should suffice for most applications (Jeffrey & Onishi
1984 ; Felderhof 1977). Anyway, the small-Knudsen-number expansion formulae
assumed here will not hold at close interparticle separation distances (overlapping
Knudsen layers on the two particles).

In order to apply the method of reﬂections the two-sphere system is described by
two sets of spherical coordinates (r,,6,,¢) (¢ =1,2) shown in figure 1. The
transformation rules between these two coordinate systems are (Hobson 1931)

a n+1 n+l © n+s r §
Za (n+m) (a—1) 1 \(s+m) (2—a) 3—a Y. (6
(Ta) mn 0d’¢ ) ( l) E-Zm( 1) |:8+m:|( l ) ms( 3—a.’¢)>
(52)
r,=[ry,—(—1)lcosb,_JF,_ . +(—1)sinb,_, b, (63)
2=yl  +P—(—1)*2r,_,lcosO,_,, (54)

where 7, and éa are the unit vectors in the coordinate directions.

The Hilbert velocity field outside the two spheres is uH = u}y + Ku};. While
applying the method of reflections (Happel & Brenner 1986), ul; consists of two parts
uly = wdi(1)+ ud;(2), where ul;(a) is given by ( ) in the coordinates (r,,6,, ¢) and the
coefficients there are labelled by « as pl, , (), v2,,.(«) and ¢’ («). For clarlty, the three
scalar quantities introduced in (9)—(11) are also labelled by a as X%, (a), ¥?,,.(a) and
Z¢,,(a), corresponding to the boundary conditions on the surface of sphere a.
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In an exact manner, using the general expression for #;(1) and u’;(2) given by (8)
in conjunction with the transformation rules in (52)—(54), the coefficients p°,,(a),
o8 (), ¢, () and the quantities X3, («), ¥2,,(«), Z3,,(a) are linked by the following
equations:

(0 1) @0+ 1) (o) =" F 2 ()

Fgg (ST B (e [:L‘;] Ps(3= ) E785,
= ¥on(@)—(n—1) X7, (@), (53)
n+1l -

Pn(@) (= ) mED 3 (—1)<s+m><2~a>[

n—i—s]

2n— n+m

><[(—1)3 *im(2n +1) g (3 —a) 576,
+n(2n+1) vy, (3—a) £27ETE

2n+ 1 ns(n+s—2ns—2)—m?(2ns—4s—4n+2)
2n—1 25(25—1) (n+5)

ins(3 —a) gg—lgg—a
+inph,(3—a) €Z+1€§—a] = Wi () +(n+2) X5, (), (56)

n+s

{yEmaD) S0 [ {y(+m) (=)
n(n+1) g (@)+(—1) % (=1 [n+m

S=m

] {—mﬁns(i% —a) &5

(—1)%2im .

S

+ Ss(3—a) £ £S ] Z8 (a). (57)
Here the notation £, = (a,/l) has been introduced. The quantities X¢, ,(x), ¥2,.(2)
and Z¢ ,(x) in (55)-(57) are given by the boundary conditions satisfied by #; on
sphere « through (9)-(11). Equations (55)—(57) will be useful in the calculation of both
resistance and mobility functions under slip boundary conditions. Although (55)-(57)
cannot be solved exactly, they can be approximately solved by appealing to the
method of reflections as described below.

Now, slightly modifying Jeffrey & Onishi (1984), we introduce the following double

power series expansions of the coefficients p?,, (a), v%,,(«) and ¢, (a):

(o) = I(— 15— )W EDU S 5 P (@) EPED, (58)
p=0g=0
@) = W~ 1K~ )medp S 8 Ly gy (50
. 0 2n +1
Pon(a) = i~ 15— )M eDY S 5 QL (@) EPES . (60)
p=0¢=0

It can be shown that the expansions (58)—(60) will result in recurrence formulas of
Pl (), V,,pq a) and @}, («) valid for both zero-order and first-order quantities in the
K-expansion. Setting the right-hand sides of (55)—(57) to zero as dictated in the
method of reflections procedure and substituting the expansions (58)-(60) into
(65)-(57), then equating the coefficients of the same power of &, and £, ,, the
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following recurrence relations for the pure numbers P4 («), V%, («) and Q) () can
be derived:
2n+s]| 2n+1
P =
= 0l
ns(n+s—2ns—2)—m*(2ns—4s—4n+2)
x s(n+s)(2s—1) PS5 (p-n+n(3—at)
n(2n—1) n(dn?—1)
2(n+1) Pg<q—8><p—n—1>(3‘“)+m a-s-2r-n+n(3— )
2(4n2—1)
T 3(n+1) stg-s—1) (p-n+1)(3—~) |, (61)
2n [ n+s
Ve P . A s _
roal®) = Prpel )+(n+ 1)(2n+3)8§1[n+m]P8(" -9 p-n-n(3—), (62)
I Ints s 3m
(@) = El [n-}-m] [n+ 1 Qﬁ(q_s_l)(p_,,)(3—a)—mPﬁ(q_s)(,,_m@—a)]. (63)

As long as the initial values of these pure numbers P;,, (a), V3, (a) and @5, () are
given, the remaining values can then be readily evaluated on a computer through the
simultaneous solution of (61)-(63). To obtain the initial values of the pure numbers
P‘fmq( ), V‘;pq o) and @3 (), we must set all the coefficients p?, (3 —a), vJ,,(3 —a) and
¢.-(3—a) in (55)—(57) to zero and substitute the expansions (58)—(60) as well as the
expressions for X3 (), ¥?, (a) and Z¢,, («) into (55)—(57) as dictated by the initial
boundary conditions in the method of reflections procedure. Then equating the
coefficients of the same power of £, and §;_, leads to the initial values for Pj_ (),
Vape(@) and @7 ().

A special discussion is needed, however, concerning the slip boundary conditions
satisfied by the first-order Hilbert solution in the case involving a two-sphere system.
Generally, these boundary conditions are determined by the zero-order Hilbert
solutions. Note that the zero-order Hilbert solution u}; consists of a sum of two parts,
i.e. uly = ud (1) +u}(2). The contributions to the boundary conditions satisfied by ul;
on sphere a from the part u(e) can be readily obtained from (18)-(20). The part
u}(3—a), however, must be converted into the (r,,60,,¢) system first, then, by
applying a similar but more lengthy procedure as the one used to derive (18)—(20),
its contributions to the boundary conditions for uj; on sphere a can be derived.
Adding the contributions from these two parts together completes the derivation of
the boundary conditions for u}; on sphere a. As a result, the three scalar quantities
Xt (@), PL.(a) and ZL, . (a) are given in terms of the coefficients p?, (), 2%, ,(a) and
@mn(a) by

Xoun(a) =0, (64)

ot = o 2] { LD ) 2tk 1) 142)

2

n+s

_ ( — 1)(n+m) (a—1) § ( _ 1)(s+m) (2—a)
n+m

§=~m

][q‘:ns(:’.—a)(—1)“2im<n2—1>gs-lgat;
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(3 200t 1) (1 1) =B I g
0 a_(MP=1)[ns(n+s—=2ns—2)—2m*(ns—2n—2s+1)] ...,
~Pms(3=a) 8(2s—1)(n+s)(2n—1) & lg""“]}
(65)
Zl — (l] o 1 +2 -1 {(n+m)(a—1) § —1 {(8+m) (2—~a) n+ts
@) = o2) {7+ 1) (no4 20k (a) + (= 1) (=) .
im(n—1)(n+2)

[Q?nn(3—a)n8( —1)(n+2) £ £55, — Phs(83—a) (— 1) €"€§_a]} (66)

Note that in the small-Knudsen-number analysis of the two-sphere problem, the
characteristic length is taken to be the radius of the smaller sphere (a, < a,). Thus,
the inclusion of the factors (a,/a,)*" in (65) and (66) is the result of the definition of
the Knudsen number as Kn = A/a,.

Following the zero-order procedures, (64)—(66) can be used to give the initial values
of the pure numbers Pnpq( ), Vipg(®) and @} (@), which are needed to carry out the
iterative computations in (61)-(63), in terms of the pure numbers P}, (a), V3, (a)
and @ () as

2n—1)(n+2
Pla)=—0*—1)P  (« )+n( n(zn-f)-(ln) )V?qu

npq npq

(@)

n+s (| (n—1)[ns(n+s—2ns—2) —m?*(2ns—4s—4n+2)] B
+s§1 [n+m][ s(n+s)(2s—1) P9 (p-n+1(3—2)
»'(2r—1)(n+2)
2n+3)(n+1) 5(a-9) (p-n-1)(3 — )
2n—1)(n—1)
% sg-s-2) p—n+1) (3 — @)
__4m( 3)(2n_1)Qs(ﬂ —s—1) (p— n+1)(3 a)] (67)
1i 2 +1
V"Z’q( ) 222_1; npq(a)’ (68)

) + -1

3m(n— )P°
_m s(g—8—1) (p—n)

(3~ a)] , (69)

where the superscript i denotes that these quantities are referring to initial values.
In order to determine the ten scalar functions in the resistance matrix, it is
sufficient to consider four different cases, where sphere 1 is assumed to move
translationally or rotationally and sphere 2 is at rest.
Case (i): In order to evaluate X7, and X2, sphere 1 is assumed to move in the
positive z-direction with a uniform velocity U and sphere 2 is at rest.
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Applying the results in (29)-(31) in conjunction with the expansions (58)-(60), we
have

m=0, (70)
Phoo(1) = 6y, (71)
Vooo(l) = 81 (72)

oo(1) =0, (73)

which will initiate the iterative calculations in (61) and (62). After obtaining the
values of P§, , («) and V), () as the results of the iterative calculations, they are used
to provide the initial values of the first-order quantities P}, ,,(x) and V! () through
(67)—(69). Then, again, the iterative calculations in (61) and (62) are carried out for
the first-order quantities.

The expansion (58) gives the values of p}, («) and p},(a), which determine the forces
experienced by sphere 1 and sphere 2 through (24). According to the definition of the

resistance matrix the functions X%, and X% are found to be

X{, = —6mna, Z Z [PYpe(1) + KKy Pl (1] €7 &4, (74)
P=0q=0

a’nd X 675&2 Z Z [Plpq( )+KK0 lpq ]g2 gq (75)
=0 g=0

For the purpose of applications, only a certain finite number of terms needs to be
retained in (74) and (75). In this presentation, we limit the degree of approximation
to p+¢ < 11, which should be sufficiently accurate up to the point of overlapping
Knudsen layers on the two spheres. To this extent the results for X and X3 are

X = —6na1{[1 UG LG+ BE O ARG +EEE
WREHYEAHE S0 8B g e
mglg5+m LI B+ R B gk

PR 0 G G Y 6 ]+ K18
G LR VRE B BB

FRRE BN S PR G I, B+ 600

UG E S £ R W GG,

8 r2 21069 7 £3 4 87887346 £4 4 576075¢5 5 0983 4 26
+81g1§ + 61 g + 1024 51 + 512 ©1 g

+ BB £+ 81ET £+ 3, £33, (76)

and
X§ = —6ma,{[ 36, +its &, — R B2+ 38— 6 - 8L
_252 54 g-’! g2 405 4 g:‘) 1152185 3 g4 405 2 gS g2 gG _zgg g%

567 6g3 41661 ggg 22%33 4g5 461 3g6 567 2g7 gS

RE-WAR-waL-TEs-WPCL-TeE
AREE-WEE 16, K} i,
9L, G- R I - R E-WE AL B -1
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2 5 gz 1647 4 gS 885&3 €4__815_g2 g5 1647§2 gﬁ 9 7 ’;gi

2277 6g3 7657 5§4 215913227 4§5 215913227 3§6 7657 2§7

2277§2 ga §1 _gg\) §2 2907 8 gz 1671§2 ﬁ _ 555411299§2 §5

19015475 6 1901547¢4 r7 55419973 8 1671 2 79 2907 10
1024 52 1024 g 512 g §2 gl §2§

—361' -

)

The appearance of a negative exponent in (77) is not erroneous. Note that after
being multiplied by the two factors —6mna, and Kk,, (77) contains no negative

exponents.

Case (ii): In order to evaluate the functions Y4, Y4, Y5 and Y2, sphere 1 is
assumed to move in the positive x-direction with a uniform velocity U and sphere 2

is at rest.
In this case, m=1
P?zoo(l) = ‘sln’
Vgoo(l) = ‘sln’
(7)500(1) - O

The non-axisymmetrical nature of this case requires that the iterative calculations
n (61)-(63) be done simultaneously. Besides the forces experienced by the two
spheres as obtained in the same manner as in case (i), the resulting values of g5, (c)
and gg, () will determine the torques experienced by the two spheres through (25).

Thus the functions Y4, Y4, YZ and Y3 are found to be

Y3 = —6na, L3 [Plpg(1) + Ky Pipg(1)] 67 €2,

P=0 g=0 -

Y2A1 = 6na, E E Vi lpq( )+ Kko P 1pq( )1 ED &,

p=0¢=0

— 8na} E Z [@1pg(1) + Kko Qg (1)1 E7 £3

p=04g-0

and Y3 = —8naj E E [Q1pe(2) + Ko Q1 ()1 EF £1.

p=0g=0
The results of our calculations give

Yfl = —6na,{[1+3%E, &, +%§:1; £+ 253§2 gz %gl ga +T1§§5 £+ 27 h gz
HRUEE+BEEHIE B B+ B 6 i g
—oise1 &3 T 3261 £3+ 36, E3 +REL £+ ISRE1 S+ Tesenti &8
4 100480685 15 4 6961774 6 35143 47 | 2432 228497 £9) 4+ Kk [1
+ ﬁﬁ +§§1 gz + §§4 + %;gga gz + 1215?67 H §2 4€1 52 + Tlégg

e 6+ b S+ R 2+ SR e+ 36, S HIREL S,
4 2Ba0Tg6 £2 | 30089745 £ 4 B1312574 £4 765070 45 | 4057246 | 0F 47
3616, +M0ue 61 63 + 10056261 £3 + Toussre b1 £3 BRI £

+ 3%?327 4 gﬁ 15201€3 gz + 1377 2 gS Slgl gg]},

(82)

(83)

(84)

(85)
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Vi = 6may{[38, +363 6, + 58, &1 HiE1 + 868 61 + LR £
+ELEIE S HiRa s e g T iRR R HE 81188
R G+ R ERERA S+ SR R R 0 HEE
+ %gg g? + %Eg g:i) + 242009761 2 g4 + 227(:‘:424154045 2 gﬁ + 945129043380345 H gﬁ
+ 2276424154‘315553 g7 + 242009761§:2‘) : + ggég2 gg 9€2 g%o] +KKO[%£1 + %gglgf
4§2 El 32 2£2 g?"‘zg;lg'*'ﬁgg g%"‘%%%ﬁ%ﬁ"‘%% 2&

63¢5 | 945 ¢2 | 1007144 ¢£3 | 40143¢3 £4 4 40143¢2 ¢£5 | 10071 ¢ 8
+ + g g + G024 1024 g + 4096 52 + 4096 ©2 + 1024 ©2

+2_€7 +2€7 gl +4205065 6g3 +liggé7 5§4+9268323144243 4g5+9268323144243 3g6
Zgg%ﬁgg §7 +4205065g2 ES +2g9 +2§9 €2 + 5255583 8 g:i + 514012447 7 g4

+ 25022877, 250228776 g5 + 439303785 439303785 ¢£5 gﬁ +439303785 4 g7 + 25022877g2 ES

“262144 “2097152 2097162 262144
+ 3B 6 + R, £+ I, (87)
Y = —8na{[ — 161 £ — 61 £, — 25aE1 £5 — D61 £3 — 33661 5
- A HRA- 46 -6 - e - He s
~ el b —aeEi Ee— 16& G e b B SR EL £

— RRthE gs Rt — et bl — b L —tl E2]
+Kxo[—3E1E, —wb Gt IR 6 — REEs

_ 1235263 5 §2 228024581 4 §3 444069667 3 g4 387 2 g5 16 L EG 243 7 EZ

4023 6g3 2132919 5g4 1015641 4g5 185025 3§6 1503 2g7

512 765536 16384 4096 128"
_16 1§2 297? €2 9531829 ng 52223?& gg_9143915037425g‘1; ‘;’
-wERen-eLg-mean-gag-taa, ®y)

and
Y3 = —8na}{[—36, 6 — 8 & — R £ — b £ —H6i 61
-ERo-wen-was-BRs - s -Eae

__243¢7 g:i 895536 gA 1125603 £5 gﬁ __ 1100144 EG 729 3g
128" 8192 262144 52 51 1024 S2 512! 1

— BELE+ K — 63— 36,6,— BEE - B E-BGL

-mea- - we a0 -Wwaa-uae

__ 83651 4 4 3177 3g5 27g2 gﬁ 135 9g1 2403 8g2 65385 7g3

4096 512 128 1024
- e £ - e - e 6 - a6 - 188D, 89)

Case (iii): In order to evaluate the functions X¢, and X§, sphere 1 is assumed to
rotate with a fixed angular velocity €2 in the positive z-direction and sphere 2 is at
rest.

Setting U = a, Q2 and applying the results in (37)—(39), we have

m=0, (90)

Ploo(1) =0, (91)
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Vaoo(1) =0, (92)
200(1) = _ialn' (93)

Only the recurrence relation (63) is needed in the calculation, and the functions X
and X§, are given as

Xfl = —181ta1 Z Z [leq +KK0 1pq )] g{'gga (94)
Pp=0 g=0

and Xgl i8na, a; Z Z [leq‘ +KK0Q1pq( €L EL. (95)
p=0 g=0

Our numerical calculations result in
XG, = —8mad{[1 + £ £+ 33 £5 + 683 £7) + Kk, [ 3+ 33 £5 + 6£3 £

+ 156 5+ 18EF £3+42£1 £2+ 3683 £31),  (96)
and

X5 = 8ma, a3{(£, £1+ £, 63+ 36 63+ BE2 £11+ Ko [3E, £1 + 361 + 663 £
+65 8+ 185 £+ 245 5]+ 428 £1 HIBE 6]} (97)

Case (iv): In order to evaluate Y§, and Y§,, sphere 1 is assumed to rotate with a
fixed angular velocity € in the positive xz-direction and sphere 2 is at rest.
Again setting U = a, £2, we have

m=1, (98)
Poo(1) =0, (99)
Vaw(1) =0, (100)

0 oo(l) = —id, . (101)

All three relations (61)—(63) are needed for carrying out the iterative calculations,
and the functions Y¢; and Y§, are given by

Yll =_187.“1’1 Z Z [leq( )+KK0Qipq(1)] gfgg! (102)
p=0 q=0

and YS, = —i8na, 03 £ 3 [Qh(2)+Kr, Q)] E2EL (103)
p=0g=0

Explicitly, from the results of our numerical calculation these functions are found
to be

Y5 = —Smal{| 1+ 386+ BEL B4R B + BEE+HHREE
+REE IR R G+ HO S H IR 6 1R G
HELEL+ 1611+ Kif3 + 161+ 416, BEE, 86
U R e+ B £ TG
+___g0 g2+3215065 8g2+128320 7£3+1$gggzl 6§4+243 5§5

+ 55311 63 + L08ET £111, (104)
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and
Y2cl = —8na, aj{[3€, £ + 1565 &3 + 56621 £3 Hoveba b1+ Tobs & T1sEs £2
+ 33365 &1 + Qovets &3 + BaE3 &1 + 1585 £] + 1663 £ + 3t £

1094776 51804945 £6 __ 10947 14 7 405¢3 8 2
1096 52 gl + 65536 ©2 ©1 4086 52 258g g lﬁg ]

Kt BHIEHBE HE B HE R B HIRaE
a A3ha HIR S T HIR R T HAR S HAR R R H
HE R B L BRR 8 BHER 8- HIraE
—%oasbs 61 + Se bR 1 +16 £1°1)- (105)
Note that in this case the forces experienced by sphere 1 and sphere 2 can also be
obtained through the resulting coefficients p{, («) and p], (@) just as in case (i) and
case (ii). It, therefore, provides an alternative way to evaluate the functions Y2 and
YZ. The numerical results show that the values of the functions Y2 and Y2 thus
obtained agree with the ones given in case (ii), as predicted by the symmetrical
properties of the resistance matrix in the general case with slip boundary conditions.
We also note the symmetrical properties in the results of X4, Y4, X§ and Y§,.
Owing to the two-sphere geometry, the expressions for the functions X4,, ¥4,, X¢, and
Y, can be readily obtained by interchanging the sphere indices 1 and 2 in these
expressions. The expressions for the functions X4, ¥4, X¢, and Y¢, thus obtained are
shown to be identical to the expressions for X%, Y4, X¢ and Y§,, respectively. This
fact once again is in agreement with the prediction from the symmetrical properties
of the resistance matrix.
It is shown that in all four cases studied, in the limit of X = 0, our results recover
the solutions given by Jeffrey & Onishi as physically expected.

4.2. The mobility matrix

If the specified quantities are the forces and torques exerted by the fluid on the
spheres, inverting (47) gives

U,-U, Q11 Gy lzu
Qg Gy b
_. (106)
Q,—-Q, # by by Gy
Q-0

Ko i R R |

0 by by €y Cm
The square matrix is the mobility matrix, which is the inverse of the resistance

matrix. All the symmetry conditions obeyed by the resistance matrix also hold for
the mobility matrix. The tensors in the mobility matrix, therefore, can be written as

a,5 = 22, KK + y2, i+ 1), (107)
baﬂ = ygﬁ(ﬁ_ji)7 (108)
Cap = X ke + Y 15+ ). (109)

Again, only ten scalar functions have to be evaluated to completely determine the
mobility matrix, which can be conveniently chosen as: z%, 2%, y%, ¥%,, 431, ¥o. 251,
x5y, 5 and y3,.

The problem raised here is that from the given forces and torques acting on the
spheres, the velocities and angular velocities of the spheres are to be obtained from
the solutions of the velocity field.
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The mobility functions can be obtained either by an inversion of the resistance
matrix or by a direct derivation. As indicated by Yoon & Kim (1987), however, there
are some disadvantages of the inversion procedure mainly caused by the singular
behaviour of the resistance functions at small separations which makes the inversion
problem ill-conditioned. We have also noticed that the amount of numerical work
involved in the inversion of the resistance matrix is considerably greater than that
required in a direct derivation of the mobility functions. Therefore, here we adopt a
direct method similar to the one used by Jeffrey & Onishi (1984) to approach the
mobility problem. In one particular case, where the inversion procedure is relatively
easy, we also perform the inversion of some of the resistance functions to verify, in
part, the direct method.

In the resistance matrix problem, the given velocities and angular velocities of the
two spheres are related only to the zero-order Hilbert solution of the velocity field ;
the first-order Hilbert solution being subsequently determined from the zero-order
solution. In the mobility matrix problem, on the other hand, the given forces and
torques are coupled to both the zero-order and first-order Hilbert solutions of the
velocity field. This feature requires a somewhat different approach to the calculation
of the mobility matrix from the one used to calculate the resistance matrix.

For the purpose of calculating the mobility matrix, some special cases will be
chosen, where a force (or a torque) in either the z- or z-direction is acting on sphere 1
and no force or torque is acting on sphere 2. In such cases, from the symmetrical
properties of the mobility matrix, the velocities and angular velocities of the spheres
will be in the direction of one of the axes in Cartesian coordinates. Furthermore, they
are found to be related to the three scalar functions in (55)—(57) by

Xonla) = Ula) 8,5, (110)
Youn(@) =0, (111)
Zgpn () = 2a, () 8,,, (112)

where U(a) and £(a) are the magnitudes of the velocity and angular velocity of
sphere a, respectively, and m = 0 or 1 depending on the direction of the velocity or
angular velocity.

Substitution of (110)—(112) into the right-hand sides of (55)—(57) will eliminate the
three scalar functions from (55)-(57) and lead to general relations between the zero-
order Hilbert solution of the velocity field and the velocities and angular velocities
of the spheres.

Next, in order to determine U(e) and (a), the following double power series
expansions are needed:

Ula) = (= 13— )& ey S 5 U, (a) EPEL,, (113)
=0 q=0
Q) = (—nemeni Y 5 50 Gyeme (114)
Ay p=0 g=0

where U is a quantity of the dimension of velocity defined in terms of the given force
or torque acting on sphere 1 as follows.
If the given quantity is a force with magnitude F acting on sphere 1, U is defined

— F -
6rua,’

as

(115)
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if the given quantity is a torque with magnitude T acting on sphere 1, U is defined

as
U= ——T——Z. (116)
8nuaj
Substituting (113)—(114) into (55)—(57) with the right-hand sides replaced by U(a)
and Q(a) from (110) and (112), then equating the coefficients of the same powers of
£, and £,_,, we obtain the following relations.
Forn=1,

+11[3(2m?—
Upgla) = PYp(a)— El[;_'_l][‘i—i(‘zz—_‘li))l)s(q op(3—2)

3
+ %Pso(q—s) (p—z)(3 - a) + 4—(28 + 1) Vg(q—s—z) p(3 - a) - ng(q—s—l) p(3 - a):l s (1 17)
2(s+1 3m
Qp0(0) = Qlpgla)— 21 [m-f— 1] [Zst(tI—s n-n(3—a) _”EPg(q—s) (p—l)(3_“)]-
5=

(118)

Note that the recurrence relations (61) and (63) do not apply to the case of n = 1
with 4 = 0; instead we have relations (117) and (118).

The initial values needed for carrying out the recursive computations in (61)—(63)
are provided by the prescribed values of the force and torque, as explained below.

There are two basic cases to be considered depending on whether the given
quantity is a force or a torque. In case I, the prescribed quantity is a force F in the
z- or z-direction acting on sphere 1 and there are no other forces or torques acting on
either one of the spheres. According to (24) and (25) we have

F = —4mpay [ ply (1) + Kpha (1)), (119)
0 = —4mpay| Py (2)+ Kphy (2)), (120)
0 = —8rpatlgl, (1) + Kqh, (1)), (121)
0 = —87paZ[g,(2) + Kqby(2)]. (122)

Substituting the double series expansions of pJ,,(x) and ¢,,(«) in (58) and (60) and
the quantity U defined in (115) into (119)—(122), then equating the coefficients of the
same powers of £ and £,_,, we have the following relations referring to the initial
values that are to be used for the recursive computations in (61)—(63):

Plpg(1) + ko KP1,0(1) = 8,004, (123)
1pq(2)+'<oKP}pq( ) =0, (124)
pg(@) + K KQ1 () = (¢ =1,2). (125)

In case II, the prescribed quantity is a torque 7" in the z- or z-direction acting on
sphere 1 and there are no other forces or torques acting on either one of the spheres,

which leads to
0 = —4mpa, [ phy(1) + Kphy (1], (126

) )
)+ Kpra(2)], (127)
T= _Sn/‘al[le 1)+qun1(1)]7 (128)
0 = —8muai(qm.(2) + Kqp,(2)]. (129)

( )
0 = —dmpua,[ ph,, (2 )
(
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The same substitutions as before lead to the following relations:

Plg(@)+ K KPlpg(0) =0 (a=1,2), (130)
lpq( )+K0KQ1pq( ) ié\ aqm (131)
lpq( )+K0KQ1pq( ) 0. (132)

From (117) and (118) it is clear that the determination of U, () and 2, («), and
therefore the mobility functions, relies on the determination of the coefficients
P (@), V35q(@) and @3,4(x).

However, unlike the resistance matrix problem, the known conditions for the
coefficients P} (), V},,(@) and @, (a) are coupled to those for the coefficients

P (@), Vige(@) and @}, (x) through (123)~(125) or (130)-(132). Although this
coupled problem can be rather involved, as given below, we developed a simplified
procedure that starts from a decomposition of the coefficients P9 (@), V5 ,,(%),

v pa(@) Prpg(@), Vipe(@) and @, () to different orders of the Knudsen number, K=,
in a power series expansions of K, allowing us to decouple the problem to a great
extent.

In the small-Knudsen-number analysis, the mobility functions, like the other
physical quantities, being expanded in power series of K, consist of terms of order 1
(K°) and order K. Therefore, the coefficients P}, (a), V) ,,(2) and @, ,,(a) inevitably
consist of terms of order 1 and order K, as well. Actually, this physical consideration
manifests itself through (123)-(125) in case I or (130)—(132) in case II. Equations
(123)—(125) show that, for example, the initial values of P}, (a) and @, (x), and
therefore the coefficients P, , (&), V3,,,() and @), (a) themselves, must contain parts
of order K as well as of order 1 otherwise these conditions cannot be met.

As a result, we write these coefficients as

Py pg(@) = Prgy(@) + Prpy (@), (133)
Vapa(@) = Vage(@) + Vi (@), (134)
npa(®) = @rp(@) + Q3 (), (135)

where one more superscript (0) or (1) is added to distinguish the parts of order 1 and
order K.
The numerical calculations start from the calculation of Py (a), Vi) (a) and

npq

Q‘,’,‘g;( ), whose initial values are derived from (26)-(29) in case I or from (130)-(132)

in case II as

case |: 00) 1
Plpq( ) = 61,06(10, (136)
Pi02) = (137)
Qo) =0 (a =1,2). (138)

case 11:

PiO(a) =0 (a=1,2), (139)
Q1) = —i6,404, (140)
ton(2) = 0. (141)

Using these initial values in the recurrence relations (61)-(63) and carrying out the

recursive computations, the entire set of coefficients Py (a), V55, (a) and @) (a) are

obtained. Note that (61) and (63) are only used under the condition n > 1.
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The results for PY0(x), Viy(@) and Q) (), which are quantities related to the
zero-order velocity field, are used to provide the initial values of the quantities
PO (a), Vi (o) and Ql(")( ), which are quantities related to the first-order velocity
field, through (67)-(69). N ote that these two groups of coefficients all belong to zero-
order quantities in the K-expansions, and therefore should be related in such a way.
Then the recursive computations in (61) and (63) are carried out to obtain the entire

set of coefficients P19 (&), V1O (4) and QL¥ (a). Actually, the procedure described

"pq npq npq
above is the same as in the calculations of the resistance matrix from the coefﬁcients

P (@), Vo e(a) and @) (x) to the coefficients P, (), V7, ,4(x) and @

"pq "ﬂq
The initial values of P{%)(c), Vi02(a) and @352 () are related to the resultlng values

of P{%(a), V1o () and 1(‘”( ) through (123)—(125) in case I or (130)—(132) in case 11.

1pq 1pgq
Both cases lead to the same relations:
PYoa@) = —k,KPi)(a) (a=1,2), (142)
and Q1) = -k K@i (a) (a=1,2). (143)

Again, these initial values are used to carry out the recursive computations in
(61)—(63) (with (61) and (63) only used when n > 1) to obtain the coefficients P33 (a),
() and Q5% (x). Then (133)-(135) give the values of Py, (a), V3, (a) and

hpg(®), which are used to calculate the quantities U, («) and £, (x) through (117)
and (118).

In order to determine the ten scalar functions in the mobility matrix, it is sufficient
to consider four different cases, which are to be introduced and treated in the
following.

Case (i): In order to evaluate the functions x4, and 3, a force F in the positive z-
direction is assumed to act on sphere 1 and no force or torque is acting on sphere 2.

This is an axisymmetrical case with m = 0. Equations (136)-(138) provide the
initial values to start the iterative calculations. After carrying out all the iterative
calculations described above, we obtain the values of the coefficients Pogy(e), V20 (a),

npq
PY0 () and Vo) (a) (all the coefficients @,,,, vanish). Then the velocities of sphere 1

npq

and sphere 2 are determined through (113) and (117) with the coefficients P}, , («) and
V5 pq(@) expressed by (133) and (134).

The definition of the mobility functions leads to the following expressions for af,
and x5, :

& — q
= e alpi_loqi_loU (1) €7 €5, (144)
and xy = s E U,o(2) €7 &1. (145)

611:a1 p=0a~0

As discussed in the resistance matrix case, only a certain finite number of terms
needs to be retained in (144) and (145) and we limit the degree of approximation to
p+q < 11. To this extent, the numerical results of our computations give the
functions z%, and z3, as

a

Th = B EHREE -2, 8- 008+ P68 6
— R B L3088 Bl Ke [1+ 6 £ -6 &
— 158 £+ 1061 £+ L E5+ 168 £ — 1061 £, - 33E £+ RE1 &2
HPRE G+ IR S+ P £ 000 £+ G LD (146)
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and

Ty = 61!5 {36, 33 &, 3+ RE 1 - REs &)
a,
— B B+ B B - B + RE 1] — K [£, £ + &3 — 2263 &8
— G+ S+ R S+ R S+ R 6 VL £
— R G+ P B+ R £ 1B £ - DL £ (147)

Case (ii): In order to evaluate the functions %%, y%,, ¥, and »3,, a force F in the
positive x-direction is assumed to act on sphere 1 and no force or torque is acting on
sphere 2

In this non-axisymmetrical case, m = 1 and (136)—(138) provide the initial values
for the iterative calculations. These calculations give the values of P} (), V35 (),
Q50 (), Pon (), Vo (@) and @55) (), which are used to determine the velocities and
angular velocities of the two spheres through (113)—(114), (117) and (118).

Then the functions y%,, y%, ¥%;, and y3, can be expressed as

1 @

Y= 2 X U,(1)Er g, (148)

1 a0 xR
?/‘2'1=6n— 2 X Up((2)€2 8, (149)
1p=0g=0
1 [oo) @0
b o— D £q
= g I, 5 O 0
1 o 6] =0}
and Yo = XX 0Q,,2) 8 8. (151)

Our numerical results give

%=—@;m—%£?%%%%%%%&Z”TE
1
+ R &R B — K[+ 88 61+ 63 62+ BE £, — DELES
BB+ G S RO G PE L eEE - aE
+REE (152)
L1
yzl=ga{[—%€1—%§§§l—%?—%—55251 AR S
—Kko[36, 6 +381 + 1080 61 + 2P £, — AR £ - AL ]
+RE S HIPELD, (153)

Vi =~ R B A B+ B AL+ 9L

—BE - Keo[ - B - RE g -Baa e s
—Hea-wea-gag-uea), (154)
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and

S
Ya =

{[4g2 g1+105 Gg‘l g4 gﬁ] KKO[_ﬁ 6g4 525 5g5+375 4g6+225 3g7]}
(155)

Case (iii) : In order to evaluate the functions «§, and «5,, a torque 7 in the positive
z-direction is assumed to act on sphere 1 and no force or torque is acting on sphere 2.

In this axisymmetrical case, m = 1 and all the coefficients P, ,, and Vnm vanish.
The initial values for iteration are given by (140) and (141). The functions «{, and x5,
can be expressed as

61t 1 Qs

xil = 87'5 z z qu(l)gp gz’ (156)
1 p=0q=0

d c D gy

an Loy = 87t 2q, p§0 q§09 ( ) EF £ (157)
The numerical results are
1
B = g (133G -6 L]~ K3 + 156 £+ 426188, (159
1
and x5, = ————8&, &2 (159)
2 81|:a2 a,?

In this particular case, as mentioned at the beginning, we can also readily carry
out an inversion process from the results of the resistance functions to derive these
mobility functions by invoking the following relation (Kim & Mifflin 1985):

lixil xiz] — I:chl sz]_l
o5 @Gl X5 X5l
The results for the mobility functions z$, and x5, derived from these two different
methods turn out to be in agreement within the limit of p+¢ < 11 in the double
power series expansions.
Case (iv): In order to evaluate the functions y$, and ¥%, a torque 7 in the positive
z-direction is assumed to act on sphere 1 and no force or torque is acting on sphere 2.
In this case m =1 and (139)-(141) give the initial values for iteration. The
functions 5, and ¥, can be expressed as

yil =—=""3 Z Z qu(l gp (160)

8“ a1 p=0g=0
C = — .Q pEe, 161
and Ya 81ta1 \ pz_lo qz_lo (2) &2 gl ( )

The numerical results are

1
Yo = — s (|~ B SR £ 18R L]~ Kiy[3+ 581 8-+ P81 £+ 12681 £2),
1

(162)
and

Voo = —grra ([ M G BELE + 156180 + 156 €] — K[~ 8488
12

—IBE 61— 45E 67— THE ] —THELE1 —45E1 £T]).  (163)
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Kn=0 A B(l)

l/a (exact) A, A, A (exact) B, B.(l) B, ()
2.0 1.5500 1.6250 1.6231 1.5201 1.3799 1.4375 1.4209 1.4182
2.1 1.5363 1.6063 1.5817 1.5221 1.3918 14111 1.3987 1.3966
2.6749 1.4662 1.5085 1.4694 1.4660 1.3029 1.3065 1.3036 1.3032
3.0 1.4320 1.4630 1.4328 1.4320 1.2668 1.2685 1.2671 1.2669
4.0 1.3472 1.3594 1.3472 1.3472 1.1950 1.1953 1.1951 1.1950
6.0 1.2427 1.2454 1.2427 1.2427 1.1273 1.1273 1.1273 1.1273
8.0 1.1847 1.1855 1.1847 1.1847 1.0947 1.0947 1.0947 1.0947

Kn = 0.01

l/a A, A, A, By(1) B.(l) B, ()
2.0 1.6363 1.6289 1.5353 1.4476 1.4295 1.4273
2.1 1.6173 1.5894 1.5352 1.4211 1.4073 1.4055
2.6749 1.5185 1.4796 1.4765 1.3160 1.3123 1.3119
3.0 1.4726 1.4429 1.4423 1.2779 1.2758 1.2756
4.0 1.3687 1.3568 1.3568 1.2045 1.2039 1.2039
6.0 1.2545 1.2518 1.2518 1.1364 1.1363 1.1363
8.0 1.1946 1.1937 1.1937 1.1038 1.1037 1.1037

Kn=0.1

lfa Ayl 4, 4,0 By(D) B.() B,
20 1.7376 1.6811 1.6722 1.5388 1.5072 1.5090
2.1 1.7158 1.6582 1.6537 1.5109 1.4847 1.4855
2.6749 1.6080 1.5716 1.5717 1.4013 1.3903 1.3902
3.0 1.5597 1.5340 1.5342 1.3619 1.3544 1.3544
4.0 1.4522 1.4428 1.4429 1.2868 1.2838 1.2838
6.0 1.3363 1.3342 1.3342 1.2178 1.2169 1.2169
8.0 1.2760 1.2753 1.2753 1.1850 1.1846 1.1846

Kn=05

l/a A,(D) A, 4,0 B, B.() B ()
2.0 2.1879 1.9133 2.2803 1.9441 1.8523 1.8723
2.1 2.1538 1.9641 2.1801 1.9100 1.8283 1.8413
2.6749 2.0059 1.9802 1.9948 1.7803 1.7369 1.7385
3.0 1.9466 1.9388 1.9426 1.7355 1.7040 1.7045
4.0 1.8237 1.8252 1.8253 1.6526 1.6389 1.6389
6.0 1.6998 1.7006 1.5755 1.5797 1.5755 1.5755
8.0 1.6376 1.6379 1.6379 1.5459 1.5441 1.5441

TaBLE 1. Numerical values of the functions A(l) and B(l) defined in (164) and (165). The values of
I/a given are taken directly from tables 6 and 8A of Goldman et al. (1966), table 2 of Cooley &
O’Neill (1969) and table 2 of O’Neill & Majumdar (1970).

We note that the results for the mobility functions show the same symmetric
properties as the resistance matrix. Also it is shown that in all the four cases above,
in the limit of K = 0, our results recover the solutions given by Jeffrey & Onishi as
physically expected.

A comparison of our numerical results with the exact results given by Stimson &
Jeffery (1926), Goldman, Cox & Brenner (1966), Cooley & O’Neill (1969) and O’Neill
& Majumdar (1970) in the case of two equal spheres with radius a is shown in
table 1, where the coefficients A(l) and B(l) are defined as

1
AD) =~ (@t +at); (164)
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1
B(l) = —%(y(fl'*'y(llz)- (165)

The subscripts 3, 7 and 11 in table 1 denote that these coefficients are obtained from
our power series expansions with terms up to orders {3, /-7 and I}, respectively, and
the A(l) (exact) and B(l) (exact) are the exact results. In the case of Kn = 0, our
numerical results should be the same as those obtainable from Jeffrey & Onishi
(1984) and from Felderhof (1977) (only to the order of I"" in Felderhof’s results). To
show the effect of different values of the Knudsen number, we list the numerical
values of the coefficients A(l) and B(/) for Kn = 0, 0.01, 0.1, 0.5, respectively.
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